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ABSTRACT
The measurement of the physical properties (density, viscosity, surface tension, thermal conductivity, etc) is of great importance to the research
industry and for the physical, chemical and biomedical applications.
The thermal conductivity is a measurement of the material’s ability to conduct heat. The transient hot wire method is a suitable method to measure
the thermal conductivity due to its very cheap cost of construction, accuracy and because it is a fast method of measurement.
The implementation requires accurate temperature sensing, automatic control, data acquisition and data analysis. The basic procedure consists of
measuring the temporal temperature rise in a thermoresistance (thin wire) immersed in the solution by applying an electrical current in the wire.
Therefore, the wire works as a heat source and a temperature sensor. The time of measurement is very short and therefore the convection effect
could be minimized. Then, the heat transfer to the infinite medium is due only to the conduction transfer effect.
The thermal conductivity can be determined from the slope of the curve ΔT versus ln(t) due to the linear relation between ΔT and ln(t).
Keywords: Thermal Conductivity, Hot Wire Method, Physical Properties, Theory, Simulation, Experiment

1. Introduction
The measurement of the physical properties (density, viscosity, surface tension, thermal conductivity, etc.) is of
great importance to the research, industry and physical, chemical and biomedical applications. The thermal
conductivity is a measurement of the material’s ability to conduct heat. The Transient Hot Wire method is a
suitable method to measure the thermal conductivity due to its very cheap cost of construction, accuracy and
because it is a fast method of measurement. The implementation requires accurate temperature sensing, automatic
control, data acquisition and data analysis.
The basic procedure consists of measuring the temporal temperature rise in a thermoresistance (thin wire)
immersed in the solution by applying an electrical current in the wire. Therefore, the wire works as a heat source
and a temperature sensor. It is necessary to coat the platinum wire in order to avoid disturbances and perturbations
of the signals. Besides, the convection heat transfer effects can be minimized due to the brief period of time of the
measurement. For other hand, if a small convection effect appears, it can be identified and corrected by using the
deviation of the linearity in the plot of ΔT versus ln(t). Then we can adjust the time control of the measurement to
minimize it. If the physical properties are assumed to be constants (which is true in this case due to the short period
time of measurement), the thermal conductivity can be determined from the slope of the curve ΔT versus ln(t). It is
because of the linear relation between ΔT and ln(t). A basic scheme of the experiment is showed in the figure 1.
It mainly consists of a testing container where is the liquid, the heat source/sensor of platinum wire and the coating
of the cell (recipient is thermal isolated). Besides, we can observe the data acquisition system HP 34970 A
connected to the PC computer by the serial RS232, the DC power supply and the Wheatstone bridge. We can
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observe three thermocouples in order to monitor the uniformity of the fluid. The computer controls the time, the
signal measurements and also performs the processing data. By using the Lab-View software, it is possible to
convert the voltage registered into temperature and finally it is converted to thermal conductivity.

Fig.1 Basic Scheme of the Thermal Conductivity Measurement
The method consists of measuring the temporal temperature rise in a thin wire immersed in the liquid (which is
initially at equilibrium) by applying an electrical current to the wire. Therefore, the wire is a heat source which
produces a time-dependent temperature field within the liquid and also it acts as a sensor. As we mentioned before,
the time of measurement is very short and therefore the convection effect could be minimized. Then, the heat
transfer to the infinite medium is due only to the conduction transfer effect.
The theoretical model is derived from the analytical solution of the heat conduction equation. The supposition
consists of considering an ideal condition of line heat source of radius 𝑟 → 0 and length 𝐿 → ∞ . The principle
of the hot-wire method is based on a constant ideal heat generation source with an infinitely long, thin continuous
line-wire in an infinite/incompressible medium. Another assumption is that the line heat-source has uniform
instant temperature everywhere. It is possible to get with a wire of small diameter, long length and/or small heat
capacity located in a finite medium. Thus, the ideal case is approximated with a finite long wire embedded in a
finite medium.
The equation for this temperature rise is derived from the Fourier’s equation for 1-D transient heat conduction
(with truncated higher-order terms):
4𝑎𝑡

𝑇(𝑟, 𝑡) =

𝑄 ln( 2 )
𝑟 𝐶
4𝜋𝑘

Where, T is the suitable temperature rise of the wire, Q is the heat dissipation per unit length, a is the thermal
diffusivity of the test fluid and C is the exponent of Euler’s constant: 𝐶 = 𝑒 𝛾 where γ=0.577.
𝑘

diffusivity a is given by the formula 𝑎 = 𝜌𝐶

𝑝

The thermal

where k is the thermal conductivity of the fluid , ρ is the density of

the fluid and cp is the heat capacity of the fluid.
If we consider constant fluid medium properties and a fixed and arbitrary radius r and after to do the subtraction for
two times of (1) we obtain the following relation:
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𝑡
𝑄𝑙𝑛( 2)
𝑡

1
𝑘 = 4𝜋(𝑇 −𝑇
)
2

1

4𝑎𝑡

From the equation 𝑇(𝑟, 𝑡) =

𝑄 ln( 2 )
𝑟 𝐶
, the
4𝜋𝑘

slope of the curve T vs ln (t) in a logarithmic scale of time is: 𝑚 =

𝑄
4𝜋𝑘

.

Q

Finally, the thermal conductivity is equal to: 𝑘 = 4πm
Afterward, we obtain the value of the thermal conductivity by mean of continuous processing measurement data.
Therefore, we must have many points in the curve ΔT versus ln(t) in order to have good statistical analysis. The
4𝑎𝑡

thermal diffusivity can be found from the intercept of the linear function 𝑇(𝑟, 𝑡) =
𝑇=

𝑄
[ln(𝑡)
4𝜋𝑘

𝑄 ln( 2 )
𝑟 𝐶
:
4𝜋𝑘

4𝑎
)]
𝑟2 𝐶

+ ln(

Nevertheless, we should consider that there are some deviations from the ideal model due to the effects of the finite
length of the wire and the finite/compressible medium. Also, the heat losses or heat gains from the wire cause
deviations of the ideal uniform temperature profile around of the wire. It occurs at small times and so the heat
transferred by conduction can be approximately linear in time as long as the heat dissipated by the wire can be
confined to the liquid (so, we must take t>tmin). Furthermore, for longer times the temperature profile is not more
linear due to convective heat transport (with the possibility of mass transfer too) and besides the boundary effects
take place (longitudinal heat gains or longitudinal heat losses due to the finite length of the wire which produces
deviations on the uniform temperature profile around the wire) (thus, we must take t<t max). The solution to those
problems consists of considering a time window, which is open for measurement between tmin and tmax .
In practice, the change in the resistance of the sensor/wire (voltage change of the wire) as function of the time is
used as a measure of the temperature change in the time and therefore a way to measure the searched parameter
after of a calibration procedure. Typically, it is used a Wheatstone bridge circuit to measure the resistance change.
The reference temperature of the fluid is measured by the next formula:
𝑇 = 𝑇𝑜 +

[∆𝑇(𝑡1 )+∆𝑇(𝑡2 )]
2

Where, To is the initial temperature of the fluid and ΔT(t1), ΔT(t2) are the temperature increases at times t1 and t2
respectively. The next table shows the measurement of the thermal conductivity with the uncertainties and
repeatability for those liquids [1].

Table 1: Values of the thermal conductivity for Ethylene Glycol and Distilled water with the respective
uncertainties [1]
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We can see that the bias error is within 1.5 % and the precision error and the repeatability error within 2.5 % with
a 95% of confidence probability.
2. Design of the Hot Wire Apparatus
The main components of the cell will be: a recipient made of Platinum and the heating/sensing device made of
Platinum – Rhodium 10% wire. The important properties to consider for the material of the wire are: good
reproducibility of its electrical properties, highly resistant to corrosion and that the properties of the metal don’t
change during the work operation. The main parameters of the design are:
Material, radius and length of the hot-wire
Radius of the test sample (crucible)
Length of the test sample (crucible)
The dimensions of the Pt – Rh 10% are:
Lw=44.3 cm (length of the wire)
rw= 125 μm (radius of the wire)
The resistance of the wire at room temperature (20 °C) is: Rw=2 Ω
The electrical resistivity ρ is given by:
𝜌 = 𝑅𝑤

𝐴
𝐿𝑤

Where:
ρ: the resistivity of the wire (measured in μΩ-cm)
Rw: the electrical resistance of the wire (μΩ)
Lw: the length of the wire (cm)
A: the cross sectional area of the wire (cm2)
where A=πr2.
Therefore, by replacing the values of the length, resistance and the radius, the resistivity is equal to: ρ=22.16
μΩ-cm.
The crucible has the next dimensions:
Vcell=125 cm3
Lcell= 5 cm
rcell≈2.89 cm
The resistivity as function of the temperature is given by: ρ=ρo[1+a(T-To)+b(T-To)2]
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Where, ρo is the resistivity at the temperature To (°C), a and b are the temperature coefficients of the resistivity and
𝐴

ρ is the resistivity at the temperature T. If we divide both sides of the last equation by A/Lw, = 𝑅𝑤 𝐿 , we obtain:
𝑤

R=Ro[1+a(T-To)+b(T-To)2]
It is the famous Callendar equation. For the Pt-Rh 10% and from 0 to 850 oC, we have:
Ro=2 Ω (20 oC) , ρo=22.16 μΩ-cm
a=1,63 * 10-3 (°C-1) (valid for temperature change: 0 to 100 °C)
To=20 °C
Therefore, we need to determine b experimentally at another temperature point. But it is possible to obtain the
calibration equation by a practical way. We can use the design of the Wheatstone bridge in order to obtain Ro from
the other resistances of the bridge at the work temperature. Besides, it is necessary to use only a polynomial of first
order because the temperature change (T-To) is small ((T-To)2 is very small). Thus, we can use only the constant a,
valid in this range of the temperature change (it is less than

10 °C). So, our calibration equations are:

ρ=ρo[1+a(T-To)]
R=Ro[1+a(T-To)]
Where, Ro is calculated from the Wheatstone bridge and a=1,63 * 10-3 (°C-1), the temperature coefficient of
electrical resistivity [2]. In order to do the analysis, we do a scheme of our Wheatstone bridge:

Fig.2 Scheme of the Wheatstone Bridge
Where:
Rw: resistance of the wire to be measured
R2, R3: resistors of known values
Rp: potentiometer adjustable to the specific value which is required in the experiment.
At the beginning, the bridge is balanced until the voltage output Vout is approximately zero (few μV). Therefore,
no current flow through the points B and D (galvanometer). Namely, we can adjust Rp until we get this condition.
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From the Kirchoff’s rule of the currents and voltages, we have:
I3=Iout+Iw
I2R2-I3R3=IoutRout
Ip=I2+Iout
IoutRout=IwRw-IpRp
I3R3=I2R2 (Iout=0)
IwRw=IpRp (Iout=0)
Dividing the last two equations member to member, we obtain:
𝐼3 𝑅3
𝐼𝑤 𝑅𝑤

=

𝐼2 𝑅2
𝐼𝑝 𝑅𝑝

But I3=Iw and Ip=I2 (because Iout=0), therefore, we have:
𝑅3
𝑅𝑤

𝑅

= 𝑅2

𝑅𝑤 =

𝑝

𝑅3 𝑅𝑝
𝑅2

Therefore, we can set:
R3=R2 (for example, 1 kΩ)
Rp: a potentiometer of 100 Ω.
Besides, it is necessary a resistance R1 of 1 kΩ (showed in the figure 1) used to stabilize the power supply. The
potentiometer should be setted approximately to 2 Ω (and so Rw=2 Ω too) at 20 °C, when the current has a value
of 0 A through the points B and D.
In other words, when the temperature is higher (for example: 1000 °C), we can set the potentiometer at an another
value to get an output voltage (Vout) of approximately zero volts. We calculate Rw from the value of the
potentiometer Rp and it is the value of Rwo at 1000 °C (To=1000 °C). For other temperatures, the resistance from
the hot wire can be measure by using the formula:
Rw=Rwo[1+a(T-To)]
Thus, when there is a change of temperature in the liquid, there is a resistance change in the wire and it produces a
Vout different to zero volts. We apply the voltage divisor in the node B and after we substrate it from the voltage
divisor of the node D.
It is as follows:
𝑅𝑤𝑜 +𝛥𝑅𝑤
𝑉𝑖𝑛
3 +𝑅𝑤𝑜 +𝛥𝑅𝑤

𝑉𝑜𝑢𝑡 = 𝑅
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We solve for the variable ΔRw:
𝛥𝑅𝑤 =

𝑉
𝑅3 [(𝑅2 +𝑅𝑝 ) 𝑜𝑢𝑡 +𝑅𝑝 ]
𝑉𝑖𝑛
𝑉
[𝑅2 −(𝑅2 +𝑅𝑝 ) 𝑜𝑢𝑡 ]
𝑉𝑖𝑛

− 𝑅𝑤𝑜

The temperature change is as follows:
Rw=Rwo[1+a(T-To)]
∆𝑅

∆𝑇 = 𝑎𝑅 𝑤

𝑤𝑜

The voltage drop of the wire (voltage divisor is:
𝑉 𝑅

𝑉𝑤 = 𝑅 𝑖𝑛+𝑅𝑤
𝑤

3

The heat flux per unit of length is given by the next equation (because the electrical power is given by P=I2R=V2/R
and WLw=QLw is the heat flux of the wire, electrical power):
𝑄=𝐿

𝑉2 2
𝑤 𝑅𝑤

Finally, the thermal conductivity is given by:
𝑘=

𝑡
𝑄𝑙𝑛( 2)
𝑡1

4𝜋(𝑇2 −𝑇1 )

In order to complete the design, we consider a time window from 1 to 10 s. As we said before, if a small
convection effect appears, it can be identified and corrected by using the deviation of the linearity in the plot of ΔT
versus ln(t). Then, we can decrease the time window in order to consider only the linear part. Other approximated
values of the experiment are:
-

Input voltage range: 0-25 V

-

Range of the voltage output through the hot wire≈ 0 – 1 V

-

Resistance increase of the wire≈ 0 -1 Ω

-

Power to be dissipated by the wire ≈ 0 – 1 W

-

Current through the hot wire≈ 0 -1 A

-

Type of fluid medium: any chemical solution

-

Full range of temperature: approximately up to 110 oC

-

Sensor will be not used under high pressure

3. Deduction of the equation for the temperature in a long thin wire carrying electric current embedded in a
finite medium as an approximation to the infinite long, thin continuous line – wire heated along a line in an
infinite/incompressible medium
The method of the transient hot wire technique is the most useful application of an instantaneous point source of
heat given by a long thin wire carrying electric current [3]. The idea is very simple and powerful. The point source
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has the general solution 1/r of the potential theory, by the development of Green’s functions in similar way to
those problems of potential theory as in electrodynamics and quantum field theory for example.
Firstly, we are going to deduce the heat conduction equation. We imagine a differential control volume as it is
showed in the figure 3:

Fig.3 Differential Control Volume
In the figure showed, qx,qy,qz (W: J/s) are the heat transference velocity by the conduction in the x, y and z
coordinates. The heat transference velocity in the opposite surfaces are expressed by using Taylor series
expansion. Therefore, we have:
𝜕𝑞𝑥
𝑑𝑥
𝜕𝑥

𝑞𝑥+𝑑𝑥 = 𝑞𝑥 +
𝑞𝑦+𝑑𝑦 = 𝑞𝑦 +
𝑞𝑧+𝑑𝑧 = 𝑞𝑧 +

𝜕𝑞𝑦
𝜕𝑦

𝑑𝑦

𝜕𝑞𝑧
𝑑𝑧
𝜕𝑧

Also, we consider an internal thermal energy source, which is given by the expression:
𝜕𝐸𝑔
𝜕𝑡

= 𝑞´𝑑𝑥𝑑𝑦𝑑𝑧

Where, q’ is the transferred energy velocity per volume of the medium (W/m3).
Besides, we must consider changes in the internal thermal energy stored by the control volume. It is given by the
mathematical expression (without changes of phase):
𝜕𝑇

𝜌𝑐𝑝 𝜕𝑡 : velocity of the internal energy change per volume (cp is the specific heat of the medium at constant
pressure: J/(kg-oK)).
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𝜕𝐸𝑠
𝜕𝑡

𝜕𝑇

= 𝜌𝑐𝑝 𝜕𝑡 𝑑𝑥𝑑𝑦𝑑𝑧

Finally, we can present the general conservation energy:
𝜕𝐸𝑒
𝜕𝑡

−

𝜕𝐸𝑂
𝜕𝑡

+

𝜕𝐸𝑔
𝜕𝑡

=

𝜕𝐸𝑆
𝜕𝑡

Where, Ee and Eo are the entry energy and the output energy respectively.
The energy conservation is given by:
𝜕𝑇

𝑞𝑥 + 𝑞𝑦 + 𝑞𝑧 − 𝑞𝑥+𝑑𝑥 − 𝑞𝑦+𝑑𝑦 − 𝑞𝑧+𝑑𝑧 + 𝑞 ′ 𝑑𝑥𝑑𝑦𝑑𝑧 = 𝜌𝑐𝑝 𝜕𝑡 𝑑𝑥𝑑𝑦𝑑𝑧
qx+dx, qy+dy, qz+dz were given before:
−

𝜕𝑞𝑥
𝑑𝑥
𝜕𝑥

−

𝜕𝑞𝑦
𝜕𝑦

𝑑𝑦 −

𝜕𝑞𝑧
𝑑𝑧
𝜕𝑧

𝜕𝑇

+ 𝑞 ′ 𝑑𝑥𝑑𝑦𝑑𝑧 = 𝜌𝑐𝑝 𝜕𝑡 𝑑𝑥𝑑𝑦𝑑𝑧

For other hand, the heat conduction is given by the Fourier Law:
𝜕𝑞
𝜕𝐴

𝜕𝑇

= −𝑘 𝜕𝑥

Where, A is the perpendicular area to the heat flux (heat transference velocity) and k is the thermal conductivity
[W/(m -°K)], a characteristic property of the heat transference of the material. The minus sign is due to the reason
that the heat propagation is in the direction of temperature decrease. By applying the Fourier law in each wall in
our control volume, we obtain:
𝑞𝑥 = −𝑘𝑑𝑦𝑑𝑧

𝜕𝑇
𝜕𝑥

𝑞𝑦 = −𝑘𝑑𝑥𝑑𝑧

𝜕𝑇
𝜕𝑦
𝜕𝑇

𝑞𝑧 = −𝑘𝑑𝑥𝑑𝑦 𝜕𝑧

By the substitution of the last equations, we get the heat conduction equation:
𝜕(𝑘

𝜕𝑇
)
𝜕𝑥

𝜕𝑥

+

𝜕(𝑘

𝜕𝑇
)
𝜕𝑦

𝜕𝑦

+

𝜕(𝑘

𝜕𝑇
)
𝜕𝑧

𝜕𝑧

𝜕𝑇

+ 𝑞 ′ = 𝜌𝑐𝑝 𝜕𝑡

It is possible to write the heat conduction equation in the next form:
𝜕2 𝑇
𝜕𝑥 2

𝜕2 𝑇

𝜕2 𝑇

1 𝜕𝑇

+ 𝜕𝑦2 + 𝜕𝑧2 = 𝑎 𝜕𝑡

𝑘

Where, q'=0 and 𝑎 = 𝜌𝐶 , the thermal diffusivity (m2/s): a measurement of the capacity of a medium to conduct
𝑝

thermal energy in relation with its capacity to store thermal energy.
In order to get the solution in a simple way, firstly we are going to get the solution for the one dimensional
problem. The Green’s function is a solution for the initial condition of an initial point source of heat at a certain
position. The problem in one dimension is:
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𝜕2 𝑇
𝜕𝑥 2

1 𝜕𝑇

= 𝑎 𝜕𝑡

For the boundary conditions:
-∞<x<∞, 0<t<∞
And T(x-x’,t=0)=δ(x-x’), where δ(x-x’) is the Dirac delta function.
The solution to this problem is the fundamental solution (Green function):
𝑇(𝑥 − 𝑥 ′ , 𝑡) =

′ 2

(𝑥−𝑥 )
𝑄′
𝑒 − 4𝑎𝑡
√4𝜋𝑎𝑡

We can check it in a simple form by doing the derivation in both sides of the head conduction equation in one
dimension, where Q’ has units of (°k-m).
For n variables, the solution is the product of the fundamental solution in each variable:
2

′

𝑇(𝑥 − 𝑥 , 𝑡) =

2

{(𝑥−𝑥′ ) +(𝑦−𝑦′ ) +⋯…… }
𝑄′
−
4𝑎𝑡
𝑒
(4𝜋𝑎𝑡)𝑛/2

Where, Q’ has units of (°k-mn).
In three dimensions, it has the next solution:
2

′

𝑇(𝑥 − 𝑥 , 𝑡) =

2

2

{(𝑥−𝑥′ ) +(𝑦−𝑦′ ) +(𝑧−𝑧′ ) }
𝑄′
−
4𝑎𝑡
𝑒
8(𝜋𝑎𝑡)3/2

This expression has the zero value at all points when 𝑡 → 0 except in the point x’,y’,z’ where it is infinite. In this
expression, Q’ (°k-m3) corresponds to the temperature of an volume unit of the medium in which the quantity of
heat is dissipated.
The total heat in the infinite region is given by:
∞

∞

∞

𝑄´𝜌𝐶

∞

∫−∞ ∫−∞ ∫−∞ 𝜌𝐶𝑇𝑑𝑥𝑑𝑦𝑑𝑧 = 8(𝜋𝑎𝑡)3/2 ∫−∞ 𝑒

−

(𝑥−𝑥´)2
4𝑎𝑡

∞

𝑑𝑥 ∫−∞ 𝑒 −

(𝑦−𝑦´)2
4𝑎𝑡

∞

(𝑧−𝑧´)2
4𝑎𝑡

𝑑𝑦 ∫−∞ 𝑒 −

𝑑𝑧

=Q´ρC
Where, we used the result of the known integral for the integral in each coordinate:
∞

2

𝜋

∫−∞ 𝑒 −𝑏𝑟 𝑑𝑟 = √𝑏

Therefore, the solution corresponds to the temperature of an infinite solid due to the amount of heat Q’ρc (J)
instantaneously produced at t=0 at a point x’,y’,z’. Namely, T is the temperature due to an instantaneous point
source of intensity Q’ at t=0 and at the point x’,y’,z’.
If we replace (x-x’)2+(y-y’)2+(z-z’)2 by r2, after we derived the Green function solution in three dimensions respect
to the time and it equal to zero (in order to get the time where there is a maximum value of the temperature of the
wire), we obtain:
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𝑟2

𝑡 = 6𝑎
Now, we are ready to get the equation for the temperature in a long thin wire carrying electric current embedded in
a finite medium. We consider a distribution of instantaneous point sources of intensity Q’dz’ at z’ along the z axis,
where Q’ has unit of °k-m2. We can obtain the temperature by the integration of the Green function:
2

2

2

′

{(𝑥−𝑥′ ) +(𝑦−𝑦′ ) +(𝑧−𝑧′ ) }
𝑄′
−
4𝑎𝑡
𝑒
8(𝜋𝑎𝑡)3/2

𝑄′

∞

𝑇(𝑥 − 𝑥 , 𝑡) =

𝑇 = 8(𝜋𝑎𝑡)3/2 ∫−∞ 𝑒 −

2
2
2
{(𝑥−𝑥′ ) +(𝑦−𝑦′ ) +(𝑧−𝑧′ ) }
4𝑎𝑡

2

𝑑𝑧´

2

(𝑥−𝑥′ ) +(𝑦−𝑦′ )
𝑄´
−
4𝑎𝑡
𝑒
4𝜋𝑎𝑡

=

Therefore Q’ρc (J/m) is the heat dissipated per unit length of the line.
Now, we suppose that the heat is going to be dissipated at the rate ρcφ(t) (J/(m-s) per unit of length and per unit of
time of a line parallel to the z axis and at the point x’,y’ [where φ (t) has unit of (°k-m2/s)].
The problem consists of searching of the temperature at a time t after it is given heat to the medium at t=0 s. The
solid at t=0 s has zero temperature and the source of heat is

φ (t). We can use the mathematical expression of the

last equation in order to do the integration with respect to the time and with the substitution:
𝑟 2 = (𝑥 − 𝑥´)2 + (𝑦 − 𝑦´)2
Therefore, we have:
𝑇=

𝑟2

−
𝑡
1
𝑑𝑡´
∫ 𝜑(𝑡´)𝑒 4𝑎(𝑡−𝑡´) 𝑡−𝑡´
4𝜋𝑎 0

We consider φ (t’)=Q’’ and constant, we obtain:
𝑄′′

∞

𝑇 = 4𝜋𝑎 ∫𝑟2 𝑒 −𝑣
4𝑎𝑡

𝑑𝑣
𝑣

Where we did a change of variable:
𝑣=

𝑟2
4𝑎(𝑡−𝑡 ′ )
𝑟2

𝑢 = 4𝑎𝑡

for the down limit in the integral

We have that the integral of the last equation is equal for small values of r2/(4at) to:
∞ 𝑒 −𝑣

∫𝑢

𝑣

1

𝑑𝑣 = − ln(𝐶) − ln(𝑢) + 𝑢 − 4 𝑢2 − 𝑂(𝑢3 )
= ln(1/C)-ln(u)+u-(u2/4)-O(u3)

Where, C=eγ , γ is the Euler constant (0.5772….) and for large values of t or small values of r, we have (by
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neglecting the last terms):
𝑄′′

1

𝑇 = 4𝜋𝑎 ln(𝐶𝑢)
It is very important to mention that for our hot wire technique, we use a wire with a very small diameter in order to
valid the small values of r2/(4at). Thus, we have by replacing u=r2/(4at):
𝑇=

𝑄′′𝑙𝑛(

4𝑎𝑡
)
𝐶𝑟2

4𝜋𝑎

If we replace a=k/(ρCp) for the first a, we have:
𝑇=

𝑄′′𝜌Cp ln(

4at
)
C𝑟2

4𝜋𝑘

Finally, we do the substitution of Q’’ρCp by Q: the power applied per unit of length (J/m-s). We obtain:
𝑇=

𝑄𝑙𝑛(

4𝑎𝑡
)
𝐶𝑟2

4𝜋𝑘

In summary, we have:
Q: heat flux per unit of length (J/m-s) k: thermal
conductivity (J/(m-s-°k))
a : thermal diffusivity (m2/s)
r:

radius of the wire

C: constant given by the exponent of Euler: 𝐶 = 𝑒 𝛾 where γ=0.577
4. Analysis of the Corrections to the Formula of the Hot Wire
The corrections can be expressed as follow:
𝛥𝑇 = 𝛥𝑇𝑤 + ∑ 𝜕𝑇
Where:
ΔTw: measured temperature change
∂T: corrections to the temperature change
4.1 Corrections due to the finite extent of the fluid
The correction for the finite extent of the fluid was analyzed by Healy [4]. Is is given by the next formula:
𝜕𝑇 =

𝑄
4𝑎𝑡
[ln (𝐶(2𝑟 )2 ) +
4𝜋𝑘
𝑐𝑒𝑙𝑙

−𝑔𝑢 2 𝑎𝑡

2
(2𝑟
)2
∑∞
𝑢=1 𝑒 𝑐𝑒𝑙𝑙 (𝜋𝑌𝑜 𝑔𝑢 ) ]

Where, Yo is the zero order Bessel function of the second type, gu are the roots of Jo (where Jo is the zero
order Bessel function of the first type).
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4.2 Corrections due to the finite physical properties of the wire and the insulating layer
Nagasaka and Nagashima analyzed this correction and obtained the next expression [1]:
𝑄

2

𝑟

2𝑘

𝑟

𝑘

1

4𝑎𝑡

𝛿𝑇 = − 4𝜋𝑘 [ln ( 𝑟𝑤 ) + 𝑘 ln (𝑟𝑐 ) + 𝑘 + 𝑡 (𝐴1 + 𝐴2 + 𝐴3 ln(𝐶𝑟 2 )
𝑐

𝑐

𝑤

1

4

𝑐

𝐶

Where:
𝐴1 =

𝑟𝑤 2 𝑘−𝑘𝐶
1
[( 𝑘 ) (𝑎
8
𝑊
𝑤

𝐴2 =

𝑟𝐶 2 1
(
2 𝑎

𝐴3 =

𝑟𝑤 2 𝑘𝐶
(
2𝑘 𝑎𝐶

1

−𝑎 )+
𝐶

𝑘

𝑤

𝐶

𝑟𝑤 2 𝑘𝐶
(
𝑘 𝐶 𝑎𝐶

− 𝑎𝑤 ) +

2

−𝑎 )+𝑎 −𝑎 ]

𝑟𝐶 2 𝑘
(
2𝑘 𝑎

𝐶

𝑘

𝑊

𝑟

− 𝑎𝑤) ln(𝑟𝐶 )
𝑤

𝑤

𝑘

− 𝑎𝑤 )
𝑤

Where, the subscripts w,c are related to the wire and the coating, no subscript is related to the liquid.
Besides, Q: heat flux per unit of length, k: thermal conductivity, a : thermal diffusivity, r: radius, C:
constant given by the exponent of Euler constant C=eγ where γ=0.577.
We can analyze this expression in order to obtain the effects of the coating. If the term (1/t)
2
[A1+A2+A3ln(4at/rc C)] is very small respect to the remaining terms, then the coating affects the
expression with the shifts of the plot but without changing the slope. Namely, it don’t affects the value of
the thermal conductivity.

It was verified by Yu and Choi experimentally. They analyzed the wire

temperature rise as a function of time, and they concluded that the error is neglected if the taking data starts
a little later of the beginning of the experiment.
4.3 Corrections to the heat loss due to the radiation
Finally, the correction due to the heat loss by radiation is taken in account. It was derived by Nieto de
Castro [5] and it is given by the expression:
𝜕𝑇 =

−𝑄𝐻𝑟 𝑟𝑤 2
4𝑎𝑡
( ln(𝐶𝑟 2
4𝜋𝑘 4𝑎
𝑤

+

𝑟𝑤 2
4𝑎

− 𝑡))

Where, Hr is determined by using the last equation (after we do the corrections for the finite extents of the
fluid, the finite physical dimensions of the wire and the insulating layer):
𝛥𝑇 = 𝛥𝑇𝑤 − 𝜕𝑇
Where:
𝑄

4𝑎𝑡

∆𝑇𝑤 = 4𝜋𝑘 ln(𝑟2 𝐶 )
Therefore, we can observe the errors of the experiment with the standard liquids and therefore we can obtain the
value of Hr. In order to know if the heat loss by radiation is necessary to take in account, we need to do some
calculations. From the formula:
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𝑄=

𝑉𝑤 2
𝐿𝑅

Where:
Vw is in the order of 0.5 V, L=44.3 cm (wire length) and R is in the order of 0.1-0.5 Ω (wire resistance), we obtain
that Q is approximately in the order of 1.12 W/m. Now, we are going to do the calculations for the heat loss by
radiation:
𝑞𝑟 = 𝜀𝜎(𝑇𝑤 4 − 𝑇𝑜 4 )𝐴
Where, Tw is the temperature of the wire, To is the temperature of the fluid (outside of the wire), ε is the
emissivity coefficient (more than 0 and less than 1: a value that it reflects the efficiency of the energy emission of
a surface respect to the black body), ε for Platinum at 1000 °C is 0.57.
σ=5.67*10-8 W/m2K4
If we consider the values: Tw=1278 °K, To=1273 °K and 𝐴 = 𝜋𝑟 2 (rw=125 μm), we obtain that qr is
approximately 0.000066 W. It is very small in comparison with the heat loss by conduction. Therefore, we
can conclude that heat loss by radiation can be neglected. It is in the order of approximately 0.01 % [(qr/QL)*100].
5. Theoretical and Practical Considerations
We do the next considerations:
-

The constant ideal heat generation source is due to a thin continuous line-wire (r≈0) with an infinitely

length and dissipating heat into an infinite medium.
-

The power is applied briefly and abruptly (transient technique).

-

The convective heat transport is minimized in the brief period of measurement time.

-

The heat transferred to the medium is due to the conduction only.

-

The Fourier equation for 1D transient heat conduction is used for the theoretical solution:

Fourier Equations
𝜕𝑇

1 𝜕(𝑟𝐾𝑃𝑡 𝜕𝑟 )
𝜕𝑟

𝜕𝑇

𝜌𝑃𝑡 𝐶𝑃𝑡 𝜕𝑡 = 𝑟
𝜕𝑇

+ 𝑞´

Platinum wire

𝜕𝑇

1 𝜕(𝑟𝐾𝐿 𝜕𝑟 )
𝜕𝑟

𝜌𝐿 𝐶𝐿 𝜕𝑡 = 𝑟

Medium

Initial Conditions and Boundary Conditions
𝜕𝑇

𝜕𝑇

t=0

T=To

r=R

𝐾𝑃𝑡 𝜕𝑟 = 𝐾𝐿 𝜕𝑟

r=0

𝜕𝑇
𝜕𝑟

r=∞

T=To

=0

TPt=TL

Where: ρ, C, K are the density, specific heat and the thermal conductivity. The subscripts Pt and L are for the
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Platinum and for the fluid respectively and r is the radius of the Platinum, q’ is the heat source (W/m3) and To is the
initial Temperature.
By working out the Fourier equation with the initial and the boundary conditions:
𝑄

4𝐾 𝑡

𝛥𝑇 = 𝑇(𝑟, 𝑡) − 𝑇𝑜 = 4𝜋𝐾 [𝑙𝑛 𝐶𝜌𝐶𝐿 𝑟2 +
𝐿

𝑝

𝜌𝐶𝑝 𝑟 2
4𝐾𝐿 𝑡

𝑟 4 𝜌2 𝐶𝑝 2

− 64𝐾

𝐿

2𝑡 2

𝜌𝐶 𝑟 2

+ 𝑂( 4𝐾𝑝 𝑡 )
𝐿

For larger values of t and small values of r, the last terms are neglected, and we have:
𝛥𝑇 =

𝑄𝑙𝑛(

4𝑎𝑡
)
𝐶𝑟2

4𝜋𝑘

Where:

𝐾

𝑎 = 𝜌𝐶

𝑝

For an interval of time and for any fixed radial distance:
𝑄

4𝑎

𝑇 = 4𝜋𝑘 [ln(𝑡) + ln (𝑟2 𝐶 )]
Where:
Q is the heat flux per unit of length (J/m-s)
k is the thermal conductivity (J/m-s-°k)
a is the thermal diffusivity (m2/s)
r is the radius of the wire
C is the constant given by the exponent of Euler, C=eγ where γ=0.577
From the slope of the graphic T versus ln(t), we have:
𝑄

𝑘 = 4𝜋𝑚
Where, m is the slope of the curve.
From the Intersection with the t axis (T=0):
ln(𝑎) = (𝑙𝑛

𝑟2 𝐶
4

− ln 𝑡𝑜 )

The approximation of the ideal case of the continuous line with an infinitely length is with a thin wire with a long
length located in a finite medium. The measurement of the temperature change of the wire is at short interval of
times (transient method). Therefore, the physical properties are assumed to be constants because of the short time
period of measurement.
In practice, there are small deviations because of the effects of the finite length of the wire and the finite medium.
Also, there is an initial deviation at the beginning of the experiment and so the Fourier equation without truncated
higher order terms is not valid at this period of time (transient period). The longitudinal heat decreases/increases
produce deviations from the uniform temperature profile of concentric isotherms around of the wire. Besides, the
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fraction of the input power to be stored by the wire is effective at small times and the effects of the finite
dimensions appear at large times with the possibility of convective heat transport and mass transfer too. The
solution is to consider a time windows (measurement between tmin and tmax). This time windows can be identified
4𝑎𝑡

by looking the plot of T versus ln(t).

The corrections to the equation 𝑇(𝑟, 𝑡) =

𝑄 ln( 2 )
𝑟 𝐶
4𝜋𝑘

can be expressed as

follow:
𝛥𝑇 = 𝛥𝑇𝑤 + ∑ 𝜕𝑇
Where:
ΔTw: measured temperature change
∂T: corrections to the temperature change
The necessity of the coating of the hot wire was established by Nagasaka and Nagashima [1]. The reasons were:
-

Polarization of the thin wire surface.

-

Possible current flow through the medium (depending of the liquid). It gives error in the measurement of
the heat generated in the wire

-

Influence of the conducting liquid cell. It produces possible distortion of the output voltage signal.

The solution is to coat the wire with an electrically insulting material (Teflon, ceramic, etc). The correction
4𝑎𝑡

formula was presented in the item 4.2. The coating affects the formula 𝑇(𝑟, 𝑡) =

𝑄 ln( 2 )
𝑟 𝐶
4𝜋𝑘

with the shifts of

the plot but without changing the slope. Thus, it doesn’t affect the value of the thermal conductivity. Yu
and Choi analyzed the wire temperature rise as a function of time, and they concluded that the error is
neglected if the taking data starts a little later of the beginning of the experiment. It also was verified
experimentally at this research with copper insulated with Teflon. The corrections due to the finite extent of
the fluid was analyzed by Healy [4] and the formula was presented at the item 4.1. The corrections for the
heat loss due to the radiation was given by Nieto de Castro [5] and his formula was presented at the item 4.3.
It is also estimated that the heat dissipation by radiation can be neglected.
6. Numerical Simulations
The wire and the sample don’t have the ideal dimensions of the theoretical model. The numerical analysis is very
important in order to analyze the dependence of the thermal conductivity with the dimensions. Besides, it is
important to calculate the thermal conductivity and to compare with the exact value of the thermal conductivity of
the liquid and to calculate the errors due to the finite dimensions.
The model is a symmetrical cylinder and we consider only the quarter part of the system for the numerical
calculations of the temperature. There are symmetrical conditions in the 2D system. The heat transferred to the
infinite medium is only by conduction effect (1D). The Fourier equations, boundary conditions and the initial
conditions were given at the item 5.
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6.1 Numerical Simulation for tungstates at high temperature (1)
We have the next considerations:
-

Software: Fluent

-

Mesh: 10000*2 (quadrangles)

-

Different radius of the wire: 50 µm, 125 µm, 175 µm

-

Wires radius/sample radius: 1/100 (constant)

-

h(wire)=r(wire)

-

Temperature: 1000 °k

-

Axial symmetry and transient time conditions

-

Physical properties are independent of the temperature

The mesh for the wire with radius of 175 µm (1/100 constant) is:

Fig.4 Mesh for Tungstate at High Temperature (1)
The curve of temperature versus time with the time step of 0.01 s is:

Fig.5 Temperature versus Time for Tungstate at High Temperature (1)
It is possible to see the logarithmic pattern. The variations of temperature are from 1 to 10 (°K). The static
temperature (°K) versus position (m) (rw=175 µm) is:

Fig.6 Static Temperature versus Position for Tungstate at High Temperature (1)
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It is possible to see the logarithmic pattern. The variations of temperature are from 1 to 10 (°K).

The static

temperature (°K) versus position (m) (rw=175 µm) is:
We can see the temperature increase in the wire and its conduction to the liquid.
The contourns of the temperature in the y direction is:

Fig.7 Contourns of the Temperature in Y Direction for Tungstate at High Temperature (1).
The plot of ΔT versus ln(t) is:

Fig.8 Plot of ΔT versus ln (t) for Tungstate at High Temperature (1)
It is possible to observe a very clear linear relation of the plot and from the slope we can obtain k, the thermal
conductivity. The results are summarized in the next table:

Table 2: Summary of calculations of the thermal conductivity for tungstate (1) where k(reference)=4.06 W/m-°k.
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The table of the numerical analysis of the dimensions of the hot wire is presented:

Table 3: Numerical analysis of the hot wire for tungstate (1)
Where:
T=1000 ͦ k
hwire=rwire
rwire/Rmedium=1/100 (constant)
The effects of the dimensions are lower when the radius of the medium (Rcell or Rmedium) is the highest. The effects
of the increase of the radius of the medium prevails over the decrease of the radius of the wire for a constant rate
rwire/Rmedium. It is possible to observe in the correction formulas.
6.2 Numerical Simulation for tungstates at high temperature (2)
We have the next considerations:
-

Mesh: 10000*2 (quadrangles)

-

Radius of the wire: 175 µm

-

Wires radius/sample radius: 1/5, 1/100 (constant)

-

h(wire)=r(wire)

-

Temperature: 1000 °k

-

Axial symmetry and transient time conditions

-

Physical properties are independent of the temperature

It is obtained the next table of results:

Table 4: Numerical analysis of dimensions of the hot wire with r=175 µm and for tungstate (2)
Where: T=1000 ͦ k
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It is evident at this analysis that when the radius of the cell (medium) increases the error due to the effect of the
dimensions decrease. Thus, it is better to choose the best configuration:
rwire/Rmedium=1/100 (constant)

rwire=175 µm

6.3 Numerical Simulations with other liquids
We have the next considerations:
-

Mesh: 10000*2 (quadrangles)

-

Radius of the wire: 175 µm

-

Wires radius/sample radius: 1/100 (constant)

-

h(wire)=r(wire)

-

Temperature: 20 °C (293 ͦ k)

-

Axial symmetry and transient time conditions

-

Physical properties are independent of the temperature

6.3.1 Results
The plot of T (ͦ k) versus time step (0.01 s) is showed for water deionized:

Fig.9 Temperature versus Time for Water Deionized
It is possible to see the logarithmic pattern. The temperature variations are from 1 to 10 ͦ k.
The static temperature ( ͦ k) versus position (m) is presented in the next plot:

Fig.10 Static Temperature versus Position for Water Deionized
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We can see the temperature increase in the wire and its conduction to the liquid. The figure of the contours of the
temperature in the y direction is also showed:

Fig.11 Contourns of the Temperature in Y Direction for Water Deionized
Finally, we have the plot of ΔT versus ln (t):

Fig.12 Plot of ΔT versus ln (t) for Water Deionized
It is possible to observe a very clear linear relation and from the slope we can obtain k, the thermal conductivity.
The summary table is as follow:

Table 5: Summary table of calculations of the thermal conductivity for water deionized
Where, the kreference=0.607 W/m- ͦ k
The table of the thermal conductivity for different liquids is:

Table 6: Results of the thermal conductivity for different liquids
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Where:
T=20 ͦ k
rwire=175 µm
hwire=rwire
rwire/rmedium=1/100
We can observe that the errors are lower than 8 %.
7. Experimental method and results
The experimental set-up was presented in the figure 1. We take in account the next considerations:
-

The wire is heated by applying an electrical current from a constant power supply.

-

The wire is a heated source which produces a time dependent temperature field within the liquid.

-

The time of measurement is very short. Thus, the convection effect can be minimized.

-

The temperature increase of the wire is due to the conduction heating.

-

Therefore, the change in resistance of the wire is because of the temperature increase.

-

The wire acts as heat source and temperature sensor.

-

The thermal conductivity is obtained from the slope of the formula of the ΔT versus ln(t).

-

The wire is located in the testing container which is filled with the respective liquid of interest.

-

The PC controls the time, signal measurement and processing data.

-

The DC power source provides the current source which is applied for a short time on the wire through a
Wheatstone bridge.

-

The Data Acquisition System measures the signals from the wire (voltage out and temperature) by using
the Lab-View Software.

-

We can obtain the resistance change by using the Wheatstone bridge and applying the divisor voltage
equation.
𝛥𝑅𝑤 =

-

𝑉
𝑅3 [(𝑅2 +𝑅𝑝 ) 𝑜𝑢𝑡 +𝑅𝑝 ]
𝑉𝑖𝑛
𝑉
[𝑅2 −(𝑅2 +𝑅𝑝 ) 𝑜𝑢𝑡 ]
𝑉𝑖𝑛

− 𝑅𝑤𝑜

Afterward, we can apply the Calendar equation to convert resistance to temperature.
∆𝑅

∆𝑇 = 𝑎𝑅 𝑤

𝑤𝑜

-

Q

Finally, we can obtain the thermal conductivity K (W/m- ͦ k) from the slope of ΔT versus ln (t): 𝑘 = 4πm

7.1 Experimental values of the Design of the Hot Wire
We use the next values for the design:
Lw=37 cm (w: wire)
rw=175 µm
rm=5 cm (m: medium)
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hm=12.5 cm
rw/rm=0.0035
Rw=1 Ω
ρ=25.98 µΩ-m ρ=RwA/Lw
Where: A is the cross sectional area of the wire (cm2)
ρ is the resistivity of the wire (measured in μΩ-m)
Rw is the electrical resistance of the wire (μΩ)
Lw is the length of the wire (cm)
Q

The method to obtain k: 𝑘 = 4πm, the design and the values of the resistance of the wheatstone bridge and the
coefficient of the Calendar equation were given at the item 1 and 2.
7.2 Result for ethylene glycol
The plot of ΔT versus ln(t) is:

Fig.13 ΔT versus ln(t) for Ethylene Glycol (experiment)
The table of the calculation of the thermal conductivity k is:

Table 7: Calculations of the thermal conductivity for ethylene glycol (experiment)
The error is less than 3 % and the reference value of the thermal conductivity is k=0.34 W/m- ͦ C.
7.3 Result for water deionized
We have the next plot of ΔT versus ln(t) :
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Fig.14 ΔT versus ln(t) for Water Deionized (experiment)
And the table of the thermal conductivity is as follow:

Table 8: Calculations of the thermal conductivity for water deionized (experiment)
The error is less than 10 % and the reference value of the thermal conductivity is k=0.66 W/m- ͦ C.
7.4 Result for acetone
It is showed the plot of ΔT versus ln(t) :

Fig.15 ΔT versus ln(t) for Acetone (experiment)
The table of the thermal conductivity is presented:

Table 9: Calculations of the thermal conductivity for acetone (experiment)
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We can see that the error is less than 2 % and the reference value of the thermal conductivity is
k=0.178 W/m- ͦ C.
7.5 Summary table of results for water deionized, ethylene glycol and acetone
The next table summarizes the values of the thermal conductivity for different liquids:

Table 10: Summary of the values of the thermal conductivity for different liquids (experiment)
In general, the error of the thermal conductivity are approximately lower than 8 %. Therefore, we got excellent
results by simulation and experiment.
8. Conclusions and Recommendations
- The correction for the finite extension of the fluid and the correction for heat radiation loss are very small [7]. It
is only necessary to consider the correction due to the coating. Nevertheless, we concluded that the coating only
shifts the plot in the vertical axes without affects the slope.
- The experimental and reference values of the thermal conductivity are equals in the order of a decimal. The
relative errors are lower than 8 %.
- The values of the thermal conductivity for acetone, water deionized and ethylene glycol at room temperature are
analyzed and compared at the experimental part with good results.
- The value of the thermal conductivity for tungstate at 1000 ͦ k is obtained by numerical simulations and compared
with the literature.
- It is necessary to use Pt-Rh 10 % and high precision resistors to decrease the errors.
- It is also recommended to monitor the temperature with a thermocouple for example.
- At high temperature, it is better to use more thermocouples to monitor the uniformity of temperature of the fluid.
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